Notes 2a

MORE ON IMPROPER INTEGRALS

Suppose f: [a,b) — R is a function that is Riemann integrable on [a, ¢] for all
¢ € |a,b). (Here b could be finite or +00.) We say that the improper integral
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lim f exists in R.
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converges, if

Otherwise we say the improper integral fab f is divergent. In the first case we

define
/ f:= lim f
c—b—

Similarly we can consider improper mtegrals, if f: (a,b] — R is a function that
is Riemann integrable on [c, b] for all ¢ € (a,b]. (Here a could be finite or —oo.)

Theorem 2.1 (Cauchy’s criterion). Suppose f: [a,b) — R is a function that is
Riemann integrable on [a,c| for all ¢ € [a,b). Then the improper integral fabf
exists, if and only if for any € > 0, there exists 6 > 0 such that for any ci, co with
b—d < <co<b, we have

/sz‘<5.

Proof. Just note that fab f converges, if and only if lim, ;- f: f exists, and if
F: [a,b) — R is a function, then lim. ;- F(c) exists, if and only if for any ¢ > 0,
there exists 0 > 0 such that for any ¢, co with b — 9 < ¢; < ¢3 < b, we have

|F(c2) — F(c1)| < e.
Letting F'(c f f gives the above result. O

Theorem 2.2 (Absolute convergence test). Suppose f: [a,b) — R is a function
that is Riemann integrable on [a,c] for all ¢ € [a,b). If the improper integral

fab |f| exists, then the improper integral fab f exists.

Proof. Use Cauchy’s criterion: Suppose fab |f| exists. Then given € > 0, there
exists 0 > 0 such that for any ¢y, ¢y with b — 0 < ¢; < ¢3 < b, we have
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But since

/:f‘é/jfl,
/CCQf‘ <e€

whenever b — 0 < ¢; < ¢g < b. Thus Cauchy’s criterion again implies fab fis
convergent. ]

this implies

Theorem 2.3 (Comparison test). Suppose f,g: [a,b) — R are Riemann inte-
grable on |a,c) for all ¢ € [a,b). Suppose also 0 < f(x) < g(x) for all x € [a,b).
Then the improper integral f; f converges, if the improper integral f; g converges.

As a result, if f, g are as in the statement of the comparison test, and if the
. . b q . . b .
improper integral fa f diverges, then the improper integral fa g also diverges.

Proof of Comparison test. Again use Cauchy’s criteria: If the improper integral
fabg converges, then ¢ > 0, there exists 6 > 0 such that for any c;,cy with
b—0d < <cy<b, we have
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whenever b — § < ¢; < ¢ < b. Thus Cauchy’s criterion again implies fab fis
convergent. [

But since

this implies

<e€

Note that the above proof would also work, if we merely assume that there
exists ¢g € [a,b) such that 0 < f(z) < g(z) for all x € [cy,b). Hence we have the
following corollary:

Corollary 2.4 (Comparison test). Suppose f,g: [a,b) — R are Riemann inte-
grable on [a,c) for all ¢ € [a,b). Suppose also that there ezists ¢y € [a,b) such that
0 < f(z) < g(x) for all x € [cy,b). Then the improper integral fabf converges, if

the improper integral fab g converges.

It takes some practice to be able to use these tests well. One thing that is
often involved is the following: If f(x) > 0 and g(x) > 0, then one can make



the quotient % larger, by increasing the numerator f(z), or by decreasing the

denominator g(z). For example, try to verify the following inequalities:
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With more practice, you should be able to come up with these estimates, once
you are given the left hand side.

if x is sufficiently large




